The competition in the pinning of a directed polymer by a columnar pin and a background of random point impurities is investigated systematically using the renormalization group method. With the aid of the mapping to the noisy-Burgers' equation and the use of the mode-coupling method, the directed polymer is shown to be marginally localized to an arbitrary weak columnar pin in 1+1 dimensions. This weak localization e ect is attributed to the existence of large scale, nearly degenerate optimal paths of the randomly pinned directed polymer. The critical behavior of the depinning transition above 1 + 1 dimensions is obtained via an -expansion.
I. INTRODUCTION
The statistical mechanics of an elastic manifold embedded in a medium of random point defects has been the subject of many studies in the past decade 1{3]. Such systems are encountered in a variety of contexts, ranging from the uctuations of domain walls in random magnets 1, 2, 4, 5] , to the pinning of magnetic ux lines in dirty superconductors 6{8]. Over the years, many theoretical methods have been developed to understand these systems 9{17].
In particular, through a mapping to stochastic hydrodynamics 15{17], we now know many properties of one-dimensional manifolds (directed polymers) in random media. There have also been numerous numerical simulations; some recent studies can be found in Ref. 18{20].
Recently, strong ux pinning e ects 21{23] exhibited by samples of high temperature superconductor with extended defects such as columnar faults and twin planes lead naturally to the investigation of competition between extended and point defects 24, 25] . It has been argued in the case of many interacting ux lines that pinning by extended defects are weakened by point defects 24]. There have also been a number of studies on the competing e ects between extended and point defects on a single ux line or a directed polymer 26{33]. An early study of this type was done by Kardar 26] , who investigated numerically the pinning of a directed polymer to a line defect in the presence of a background of point defects in 1+1 dimensions. The polymer was found to depin from the line defect, if the pinning potential of the line defect is smaller than a certain threshold value. Critical behavior associated with the depinning transition was later investigated in more detail by In this paper, we give a systematic analysis of the competition in pinning between point and line defects for a directed polymer. By exploiting known knowledge of the randomly pinned directed polymer in 1+1 dimensions in the absence of any extended defects 17], we construct a renormalization-group analysis directly in 1+1 dimensions, the critical dimension for this problem. Our results prove the conclusion of Ref. 28] , that the polymer is always pinned at and below 1+1 dimensions, and that the depinning transition only occurs above two dimensions. The existence of weak localization at the critical dimension is understood in terms of the anomolous large scale excitations of the directed polymer, known as the \droplet excitations " 17] . Critical scaling behaviors at the depinning transition are then obtained using a 1 + 1 + dimensional expansion.
The paper is organized as follows: We rst introduce the known properties of the randomly pinned directed polymer in Section II. We consider the e ect of pinning by a line defect using phenomenological scaling arguments, which establishes 1+1 dimensions to be the critical dimension. In Section III, we attempt to solve the problem using the replica method at the critical dimension. Despite the existence of an exact solution via the Bethe Ansatz 11, 12] when the extended defect is absent, we failed to develop a systematic and controlled way of incorporating a weak extended defect. We next use an uncontrolled Hartree approximation, which contains the right physical ingredients, but overestimates the e ect of point disorder. A systematic analysis taking advantage of known mapping of the directed polymer to the noisy-Burgers' equation 17] is presented in Section IV. Through explicit calculations, facilitated by the use of the mode coupling approximation in 1 + 1 dimensions, we construct the renormalization-group recursion relation and derive various scaling behaviors near the critical dimension. We show that the results can be understood naturally in terms of the anomolous droplet excitations 17] . In Section V, we generalize our method to describe the directed polymer pinned by a variety of extended and point defects, including columnar pin of extended range and trajectory, and point defects with long range correlations. Some useful relations about the randomly pinned directed polymer, in particular, the mode coupling approximation, is summarized in Appendix A, and a number of detail calculations are relegated to Appendix B. where the overbar denotes disorder average.
II. PHENOMENOLOGICAL SCALING ANALYSIS
The randomly pinned directed polymer has been the topic of detailed investigations during the last decade 9]{ 20]. The emerging qualitative picture for a long polymer (t ! 1)
is the following: At low temperatures, the static properties of the polymer are dominated by the random potential and are controlled by one or a few optimal path(s) which minimize the total free energy 14, 17] . To take advantage of uctuations in the random potential , the optimal path executes large transverse wandering solid line of Fig. 1(a) ]. If we x one end of the polymer, then the root-mean-square displacement of the other end of an optimal path is X(t) = Bt ; (2.3) where 3=4 > > 1=2 is an universal exponent which depends on d. The result = 2=3 in d = 1+1 has been obtained exactly by a number of methods 11, 15] . Numerical calculations give 5=8 in d = 2 + 1. Displacement of the xed end of the polymer by a distance r X(t) typically result in a rearrangement of the optimal path within a segment of length (r=B) 1= from the xed end, as shown in Fig. 1(a) . For su ciently large displacement, i.e., for r Bt , the optimal path is completely changed dotted line of Fig. 1(a) ], with a completely di erent free energy Fig. 1(b) ]. The typical free energy di erence F 0 between such independent paths is F 0 At ; (2.4) with an identity
relating the two exponents. F 0 also sets the scale of the free energy di erence between the optimal path and a typical path. Our problem is equivalent to that of a d ? -dimensional (imaginary-time) quantum mechanical particle with a pinning well U p at the origin. In the thermodynamic limit t ! 1, the statistical mechanics of the polymer is given by the ground state of the quantum problem whose solution is well known: There is always a bound state for arbitrarily weak pinning On the other hand, for d ? 2, the probability of a long free polymer returning to the origin is of order 1. Thus the completely delocalized phase is not self consistent here, and the e ect of a weak pinning potential can never be ignored in the limit t ! 1. Let us now return to the problem of a randomly pinned directed polymer, i.e., with (x; z) 6 = 0, and estimate the competition between the pinning and the random potential that occurs in this case. Just as the localization of a polymer costs entropy in the pure problem, here, localization prevents the polymer from seeking out favorable regions of the random potential far from the origin, and therefore leads to a loss in the random component of the energy that could otherwise be gained even as T ! 0. If a polymer is localized within a distance l ? about the origin, then it is consisted of a number of uncorrelated segments of length l k (l ? =B) 1= , each of which having a free energy of order Al k higher than that of the delocalized, optimal path (see Fig. 3 ). Thus the free energy cost of localization is of the order A(l ? =B) ( ?1)= per length. This plays the role of the entropy cost in the localization of a free polymer. For a very strong pinning potential, the polymer is again always localized completely within the pinning well because the energy per length gained, U, always exceeds the random energy cost of localization, which is of the order U 0 = A(a=B) ( ?1)= per length.
The e ect of a weak pinning potential can be estimated perturbatively from hH 1 i as just described for the pure problem, except that it now depends on the realization of the random potential . The natural quantity to examine is the average energy gained by the polymer in the presence of the pinning potential, F = hH 1 i; (2.14) given that one end is xed at the origin (as shown in Fig. 3 ). As in the case of the pure problem, this is just the average of the accumulated return probability of the polymer to the origin. Since the rms displacement is Bt in the absence of the pinning potential U p , then F 0 / U(a=Bt ) d ? t to leading order in U. To determine the e ect of the pinning potential, it is necessary to compare F 0 to F 0 At , the intrinsic variations in the free energy see ; (2.18) where ? is the liberation exponent.
III. ANALYSIS IN REPLICA SPACE
A convenient way to treat one dimensional objects like the directed polymer is the transfer matrix approach described in Sec. II. The full Boltzmann weight (or the restricted partition function) W(x; t) of a polymer propagating from (0; 0) to (x; t) in a random medium (x; t)
is described by an equation analogous to Eq. (2.8), except with U p (x) replaced by U p (x) + (x; t). All physical properties follow from disorder averages of the free energy F(x; t) = ?Tln W(x; t) and derivatives thereof. One approach to performing this average is the replica method, which exploits the identity ln W(x; t) = lim n!0 1 n (W n (x; t)?1). Up to an exchange of the n ! 0 and the thermodynamic limit (see below), F(x; t) is given by the n th moment of W, W n (x; t) W( However, searches for a similar solution to the Hamiltonian (3.4) have not been successful.
A naive application of the perturbation theory for small U p starting from the wave function 0 (x 1 ; :::; x n ) fails likewise, because the low energy excited states ofĤ(n) are not uniquely de ned in the limit the number of particles n ! 0 12]. This ambiguity, arising from the exchange of the n ! 0 and the thermodynamic limits, is a well-known \trouble spot" for the replica method, and often calls for elaborate schemes with broken replica symmetry 13].
For the problem at hand, the ground state itself does not involve replica symmetry breaking 11, 12] . However, it is demonstrated in Ref. 12 ] that states with broken replica symmetry could have energies arbitrary close to the ground state energy E 0 (n). These will dominate in any perturbative calculations.
We shall circumvent the problem of replica symmetry breaking by introducing a completely di erent method in Sec. IV. For now, we consider another limit, ! 0, where the system almost decouples into n one-particle problems. A. Formalism
It is useful to introduce rst a formal language to characterize the properties of the directed polymer in the absence of the pinning potential U p . For convenience, we shall x one end (t) of the polymer at some arbitrary point x. This is implemented by introducing the one-point restricted partition function, It is also useful to consider the free energy of the one-point restricted polymer, F 0 (x; t) = ?T log Z 0 (x; t); The sample-to-sample free energy variation introduced in Eq. (2.4) is just F 0 = q C t (1)=2 = At :
Again, the scaling form for C t is summarized in Appendix A. As we shall see, the functions G, C, together with a number of other distribution functions, will allow us to compute the e ect of an additional pinning potential perturbatively.
In terms of Z 0 , the full partition function Z(x; t) of the polymer in the presence of the pinning potential U p ( (z)) = ?u d ? ( (z)) is just Z(x; t) = Z 0 (x; t)he ?H 1 =T i x;t ; (4.9) where H 1 = R t 0 dz U p as in Eq. (2.6). For convenience, we again use the continuum delta function supplemented by a short distance cuto a (with u = Ua d ? ) to model the pin.
B. The Renormalization Group Analysis
We now investigate the e ect of H 1 on the \bare" system Z 0 perturbatively. Clearly the analysis is complicated by the fact that the \bare" system itself is glassy and thus highly nontrivial. However, to understand whether the phase diagram belongs to that of Fig. 4(a) or Fig. 4(b) , we only need to compute the marginal relevancy of the pinning potential in 1 + 1 dimensions. Fortunately, the randomly pinned directed polymer in d = 1 + 1 is one of the very few glassy systems for which a great deal is known. In particular we note that there are two pieces of exact information: (i) The disorder averaged thermal displacement is the same as that of the pure system, i.e., h (t) ? (0)] 2 i c x;t = T t; Following standard renormalization group treatment, we now consider the renormalization of the parameters , B, and u due to the perturbation H 1 . Note that the e ect of the pinning potential will obviously depend on the position of the xed end (t). If (t) is su ciently far away from the origin, the polymer will never feel the e ect of U p . In our calculations, we shall x (t) at the origin (as shown in Fig. 3 (4.27) and the directed polymer becomes localized to the line defect.
Since the only quantity that su ers nontrivial renormalization is the pinning strength u, it is straightforward to form a renormalization-group recursion relation which allows one to We shall now provide a physical picture of the weak localization using a phenomenological scaling theory, and argue that the logarithmic divergence of e u should indeed be expected at the critical dimension.
In Sec. II, we established the energy gained by the directed polymer (due to the presence of a weak pinning potential) to be F 0 / u R t 0 d (B ) ?d ? t 1=3 in 1 + 1 dimensions. This corresponds to describing the optimal path of the directed polymer as a generalized random walk (with the wandering exponent rather than 1=2), and then equating the energy gained to the accumulated return probability of the random walk. However, such a treatment of the optimal path is oversimpli ed. As discussed in detail in Ref. 17] , while the optimal path in a typical sample (or a typical region of a very large sample) is unique, there is a nonzero probability that there exists a di erent path whose free energy is within O(1) of that of the optimal path. The probability of nding two such paths a distance apart is p( ) ?3=2 in 1+1 dimension 17], and the \droplet" formed (i.e., the di erence between the two paths)
typically have a length 1= , which is of O( 3=2 ) in 1 + 1 dimension. Thus, if one of the optimal path encounters the origin, then the probability of having a nearly degenerate optimal path also encountering the origin is p( 2=3 )
?1 in 1 + 1 dimensions. In this way, we see that the accumulated e ect of the statistically independent droplets existing at di erent scales leads to a logarithmic divergence, i.e., R t d p( 2=3 ) log t. This makes the columnar pin marginally relevant at the critical dimension, and results in a phase diagram of the type depicted in Fig. 4 (b) rather than that in Fig. 4(a) . Note that the important ingredients of the above argument are only the probability of droplet formation and the shape of the droplets. It therefore suggests the marginal relevance of an extended defect at the critical dimension to be a general consequence of the droplet scaling theory.
Technically, the droplets manifest themselves in the expression describing the renormalization of the pinning strength in Eq. (4.25), a diagrammatic representation of which is shown in Fig. 6 . The similarity of the droplet con guration in Fig. 5 and the loop diagram in Fig. 6 is striking. As explained in detail in Ref. 17] , the distribution of droplets is given by the function G (2;1) . However, the particular distribution discussed in Ref. 17] has to do with droplets with a given width at the same vertical coordinate, whereas the distribution needed here is the one with a given length at the same transverse coordinate. Arguments leading to the logarithmic divergence in the preceding paragraphs assumes 1= . This is validated by the more detailed calculation given in Appendix B.
In some ways, the depinning transition here is similar to the de Almeida- Thouless 42] line in a spin glass. The columnar pin which breaks the statistical translational symmetry of the directed polymer plays a role similar to the external magnetic eld which breaks the statistical up-down symmetry of the Ising spin glass. It should be interesting to study the depinning transition in the replica formalism. The encounter of replica symmetry breaking alluded to in Sec. III is no longer mysterious now | it is simply how the droplet excitations are manifested within the replica formalism 13,17].
V. RELATED DEPINNING PROBLEMS
The results of Sec. IV can be easily generalized to long range correlated point disorders, other forms of pinning potentials, and higher dimensional elastic manifolds. Here we shall describe a few interesting cases to illustrate the method. We can generalize the methods described in this paper to study the pinning of a directed polymer by other forms of the pinning potential U p (r 
The scaling function e c gives the following scaling properties for C, 
We shall see that I u is actually divergent. To regularize the integral, we insert a ultra-violet cuto scale a k / (a=B) 1= , since in our model, the columnar pin U p is really a potential well of nite size a; it is only approximated by a delta function at scales much larger than a. 
